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Exact solutions for elastic compressional and shear waves scattered from a homogeneous sphere
are used to obtain formulas for fluctuations of velocity and attenuation of plane waves propagat-
ing through a layer of randomly distributed inclusions over a broad range of frequencies. The size
and contrast of the inclusions are arbitrary, but interactions between scatterers are not consid-
ered and the concentration of scatterers is assumed to be small. The analytical solutions are also
compared with numerical simulations and it is demonstrated that they satisfactorily explain the
effects of scattering on both the mean and variance of the phase and the mean and variance of the
attenuation. The need for spatial averaging of observational data and methods of interpreting such
averaged data in terms of the material properties of the scattering medium are discussed.

1. Introduction

The problem of elastic wave propagation through heterogeneous media is encountered in nu-

merous disciplines. It has been particularly important in the discipline of seismology because

the earth is heterogeneous on a broad range of scales, and so a variety of different approaches

to this problem have been developed. For a medium heterogeneous in only one dimension

the problem is essentially solved because exact solutions exist, although even in this sit-

uation the process of estimating and describing the heterogeneity in realistic applications

commonly introduces approximations. For media heterogeneous in two or three dimensions

the problem is much more profound, as it is necessary to combine approximate solutions of

the wave equations with approximate descriptions of the media, and understanding when a

particular set of approximations is valid is not a simple matter.

Because of the complexity of heterogeneity within the earth, it is typically modeled as a

random medium in which the effects of the heterogeneity upon elastic waves is treated in a

statistical sense. Chernov4 was one of the first to adopt this description of the medium and

then assumed scalar wave propagation in obtaining results that have been used in a variety of

applications. See for example Aki,1–3 Wu,30 Sato,25,26 and Flatté and Wu.6 Another common
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approach is to use the Born approximation in which it is assumed that the perturbations in

the elastic wave parameters are linearly related to the perturbations in the medium.

For examples of this approach in geophysics, see Knopoff and Hudson,15,16 Hudson,10,11

Sato,27,28 Wu and Aki,33,34 Wu,30,31 and Li and Hudson.22,23 Note also that there is a

very large literature concerned with the scattering of waves in other fields (see for exam-

ple Sheng,29 Ishimaru,13 Lagendijk and Tiggelen.21) While these various approaches to the

problem of wave propagation in heterogeneous media have been successful in certain ap-

plications, they are accompanied by important limitations which can raise questions about

the validity and generality of the results. Examples of such limitations are the lack of con-

versions between modes of propagation, the failure to conserve energy, or the inability to

handle strong contrasts in material properties. It is the purpose of this paper to present

a method of handling wave propagation in three-dimensional heterogeneous media which

avoids some of these limitations.

Fluctuations in wave fields due to randomness of the scattering media play an impor-

tant role in acoustics, and their treatment was discussed in Chernov.4 Similarly, in elastic

scattering problems the fluctuations of waves and their characteristics, such as an atten-

uation coefficient can be very strong causing “nonphysical” negative values, and therefore

making reliable estimates of attenuation nearly impossible. For solid media the repeated

experiments do not lead to a reduction in a fluctuation levels because the realization of the

random medium is not changing in time. A reduction of elastic wave fluctuations is possible

by spatial averaging of data. As it follows from the results of this paper the fluctuations

themselves can be used to obtain information about media properties.

The basic approach followed in this paper is to treat the wave propagation process as a

series of forward scattering problems. The medium is described as a random distribution of

scatterers, where the size, material properties, and density of scatterers can vary. For the

case where the scatterers are spherical and homogeneous, exact solutions for the single scat-

tering process are used, but multiple scattering effects are only partly included due to use

of an exact solution for a single scatterer and incident wave attenuation correction during

its propagation. Therefore the results are applicable to the media with low concentrations

of scatterers. The use of these exact scattering solutions allows a complete treatment of

mode conversions between P and S waves and arbitrary strong contrasts in material prop-

erties. They also provide the starting point for deriving low-frequency and high-frequency

asymptotic solutions that can be compared with other approximate solutions.

2. Scattering by a Single Inclusion

It is necessary to first review some of the results from single scattering theory. Consider a

homogeneous material with elastic parameters and density given by λ2 ≡ λ, µ2 ≡ µ, ρ2 = ρ.

Velocities and wavenumbers for P and S waves, plus a velocity ratio, are defined by

vp =

√
λ+ 2µ

ρ
, vs =

√
µ

ρ
, kp =

ω

vp
, ks =

ω

vs
, γ =

vs
vp
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where ω is angular frequency. At the origin of the coordinate system is a homogeneous

inclusion having material properties λ1, µ1, ρ1, which are in general different from those of

the surrounding material.

Consider a simple harmonic plane wave propagating in the direction of the positive z

axis of a rectangular coordinate system (x, y, z).

ũm0 = umoe
iωt , umo = ûmumo , umo = e−ikmz (2.1)

Here the index m = p, s denotes either an incident P wave (m = p, vm = vp, ûm = ẑ) or an

incident S wave (m = s, vm = vs, ûm = x̂).

The presence of the inclusion causes a disturbance of the incident wave which in spherical

coordinate system is described by the scattered field umsc(r, θ, φ). Thus the total field outside

of the scatterer has the form

um = umo + umsc(r, θ, φ) = ump(r, θ, φ) + ums(r, θ, φ) (2.2)

of scattered P and scattered S waves. The change in the incident wave amplitude due to the

interaction with a single inclusion in the far field can be expressed as

∆u(1)
m = (um − umo) · ûm = umo[Amm(θ, φ)]cm

e−ikm(r−z)

r
(2.3)

Note that in the far field the scattering function Amp(θ, φ) is polarized along r̂ and or-

thogonal to Ams(θ, φ) so that (Amp · Ams) = 0. Index cm denotes the principal far field

component associated with the wave index m. For the geometry described above, cm = z

for an incident P wave and cm = x for an incident S wave.

We also need a result relating the total energy in the scattered field to the forward scat-

tered amplitude having the polarization of the incident wave, known as a forward scattering

theorem or an optical theorem.9 Let Fmo be the energy flux per unit area averaged over one

period and let Ω1 be a closed spherical surface of unit radius surrounding the inclusion. Then

it is easy to show that the scattering cross-sections related to the energy of the incident P

and S waves are given by

σp ≡
F psc

Fpo
=

∫
Ω1

(|App(θ, φ)|2 + γ|Aps(θ, φ)|2)dΩ1 = −4π

kp
Im {[App(0, 0)]z} (2.4)

σs ≡
F ssc
Fso

=
1

γ

∫
Ω1

(|Asp(θ, φ)|2 + γ|Ass(θ, φ)|2)dΩ1 = −4π

ks
Im {[Ass(0, 0)]x} (2.5)

3. Scattering by a Layer of Inclusions

Consider a thin slab extending to infinity perpendicular to the z axis between z and

z + ∆z. Inclusions having the same size, shape, and elastic properties are uniformly dis-

tributed within this slab with a density of N(z), the number of inclusions per unit volume

(Fig. 1).
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Fig. 1. The basic geometry for the scattering problems considered in this paper. A plane P or S wave prop-
agating in the z direction encounters a thin slab of thickness ∆z containing randomly distributed spherical
scatterers having material properties different from the background medium. A distance h on the other side
of the slab there is a line of receivers spaced a distance ∆x apart in the x direction.

The average effect upon a plane wave propagating through this slab is obtained by

summing up the effects of all the individual inclusions (Eq. (2.3))

∆ūm(z + ∆z) = ∆z

∫ ∞
∞

∫ ∞
∞

N(z)∆u(1)
m (x, y, z)dxdy

= ∆zN(z)ūm(z)

∫ ∞
∞

∫ ∞
∞

[Amm(θ, φ)]cm
e−ikm(r−z)

r
dxdy (3.1)

It is assumed in writing the above expression that the size and density of the inclusions

is small enough so that scattering interactions between the inclusions can be neglected. Next

we assume that the transmitted coherent plane wave is influenced only by the inclusions

in a small cone about θ = 0 which coincides with a few central Fresnel zones.12 Then,

approximating Amm(θ, φ) by Amm(0, 0) and using the parabolic approximation for the phase

function −kmr, we obtain

∆ūm(z + ∆z) = −i∆z 2π

km
N(z)Am(z)ūm(z) (3.2)

where

Am(z) ≡ [Amm(0, 0)]cm

is defined as the forward scattering coefficient at any value of z. In the limit as ∆z becomes

small this becomes the differential equation

d

dz
ūm(z) = −i 2π

km
N(z)Am(z)ūm(z) (3.3)

This equation can be integrated for a layer having total thickness Z to obtain the net effect

upon a plane wave passing through a layer (0 ≤ z ≤ Z) having inclusions distributed with
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a density N(z)

ūm(Z) = umoe
−i 2π

km

∫ Z
0 N(z)Am(z)dz (3.4)

The result in Eq. (3.3) represents the average plane wave after it has propagated through

a layer of thickness Z. It is sometimes referred to as the coherent part of the total field. A

similar result was obtained by Groenenboom and Snieder8 for the two-dimensional scalar

problem using the method of stationary phase.

The transmitted wave in Eq. (3.3) can also be expressed in the form (see Appendix B)

ūm(Z) = umoe
iφ̄m(Z)e−q̄m(Z) (3.5)

where the nondimensional phase shift φ̄m and attenuation q̄m are effective parameters which

have the simple relationships

φ̄m(Z) = ω∆tm(Z) , q̄m(Z) =
αm(Z)

2
Z (3.6)

with an effective travel time deviation ∆tm and an effective scattering attenuation coefficient

αm. Then, comparing Eqs. (3.3) and (3.4), it is clear that

φ̄m(Z) = − 2π

km

∫ Z

0
N(z)Re{Am(z)}dz (3.7)

and

q̄m(Z) = − 2π

km

∫ Z

0
N(z)Im{Am(z)}dz (3.8)

Using the optical theorem (2.4) for Eq. (3.7) we also have

q̄m(Z) =
1

2

∫ Z

0
N(z)σm(z)dz (3.9)

It is clear from Eqs. (3.8) and (3.5) that a local attenuation coefficient αm(z) can be defined

by

αm(z) = N(z)σm(z) (3.10)

Equations (3.8) and (3.6) allow simple estimations of the time shift of the transmitted

wave and correspondent effective velocity of random scattering medium.

The results contained in Eqs. (2.5) to (3.9) are generally true for any size of inclusion if

the assumption of single scattering is justified. For the cases of one-dimensional scattering

it was shown by O’Doherty and Anstey5 (1971) that incorporation of additional “peg-leg”

paths to a single scattering solution gives very good approximation for a multiple scattering

solution. In our case we include all scattering phenomena associated with the interaction

of the incident wave with inclusions which contribute constructively to the coherent part

of the total field. On the other hand, “peg-legs” corresponding to back scattered wave

interaction between different scatterers are not coherent due to the randomness of scatterer
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locations. Therefore for small concentrations they do not play a significant role in the total

field characteristics. Another important condition is determined by the value of a “mean

free path” lm = α−1
m . For layer thicknesses Z exceeding lm the result of single scattering

approaches may not be valid due to destruction of the coherent part of the propagating field.

In the following we assume that this condition is always satisfied. Note, that only scattering

attenuation is included here, and intrinsic attenuation due to absorption of energy must be

included separately.

4. Attenuation and Phase Fluctuations

In the previous section, formulas for the average attenuation and phase shift caused by

propagation through a layer containing randomly distributed inclusions were derived. Be-

cause of the randomness involved in this problem, it is to be expected that there would

be fluctuations about these average values if a series of experiments were performed for

different realizations of the inclusion distribution. In order to estimate these fluctuations it

is necessary to consider the squared scattering effect ∆|um|2 given by

∆|um|2 = |umo + ∆u(1)
m |2 − |umo|2 = 2 Re{u∗mo∆u(1)

m }+ |∆u(1)
m |2

= 2|umo|2Re

{
[Amm(θ, φ)]cm

e−ikm(r−z)

r

}
+ |∆u(1)

m |2 (4.1)

The next step is to calculate the spatial average of this expression as the wave propagates

through a thin slab of thickness ∆z. The first term on the right presents no problem, as it

is essentially the expression evaluated in Eq. (3.1). For the second term we keep the terms

which are linear with respect of both small parameters ∆z and concentration, and have

|∆um(z + ∆z)|2 = ∆zN(z)

∫ ∞
∞

∫ ∞
∞
|∆u(1)

m (x, y, z)|2dxdy

= ∆zN(z)|um(z)|2
∫ ∞
∞

∫ ∞
∞
|[Amm(θ, φ)]cm |2

dxdy

r2

For the case where the scatterers are spheres of radius R, the forward scattering results are

taken from Korneev and Johnson18,19 for contrast Mie scattering case and from Dubrovsky

and Morochnik6 for a low-contrast high frequency case. Evaluations of the resulting integrals

are given in Appendix A, and we have

|∆um(z + ∆z)|2 = 2π∆zN(z)|um(z)|2|Am(z)|2Gm (4.2)

where Gm is a nondimensional function of frequency and elastic parameters. The complete

expression for the averaged fluctuations is thus

∆|um(z + ∆z)|2 = ∆zN(z)|um(z)|2
[

4π

km
Im{Am(z)}+ 2π|Am(z)|2Gm

]
(4.3)
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which can also be written in terms of the scattering cross-section of Eq. (3.1) as

∆|um(z + ∆z)|2 = ∆zN(z)|um(z)|2[−σm(z) + 2π|Am(z)|2Gm] (4.4)

In the low-frequency limit kmR� 1 (Rayleigh scattering) Eq. (4.2) can be reduced to

∆|um(z + ∆z)|2 = ∆zN(z)|um(z)|2[−σm(z) + 2π|Am(z)|2G(0)
m ] (4.5)

with constant |G(0)
m | < 1. In the high-frequency limit kmR� 1 it becomes

∆|um(z + ∆z)|2 = ∆zN(z)|um(z)|2
[
−σm(z) +

9π

2k2
mR

2
|Am(z)|2

]
(4.6)

Using high frequency approximation from Dubrovsky and Morochnik5 it is possible to obtain

∆|um(z + ∆z)|2 = ∆zN(z)|um(z)|2
[
−σm(z) +

4π

k2
mR

2
|Am(z)|2

]
(4.7)

Equations (4.4) and (4.5) differ by the insignificant factor 1.125, which justifies the use of

Eq. (4.2) for all frequencies, as long as we stay in the mean free path zone.

Consider the general result of Eq. (4.2) and take the limit as ∆z → 0 to obtain

d

dz
|um(z)|2 = N(z)[−σm(z) + 2π|Am(z)|2Gm]|um(z)|2 (4.8)

Integrating this equation from z = 0 to z = Z yields

|um(Z)|2 = |umo|2e−
∫ Z
0 N(z)σm(z)dze2π

∫ Z
0 N(z)|Am(z)|2Gmdz (4.9)

This result represents the fluctuations in the transmitted field after passing through a layer

of arbitrary thickness Z.

The variance of the transmitted field is given by

var{um(Z)} = |um(Z)|2 − |ūm(Z)|2 (4.10)

and from Eqs. (3.6) and (3.1)

|ūm(Z)|2 = |umo|2e−
∫ Z
0 N(z)σm(z)dz (4.11)

Thus

var{um(Z)} = |umo|2e−
∫ Z
0 N(z)σm(z)dz

[
e2π

∫ Z
0 N(z)|Am(z)|2Gmdz − 1

]
(4.12)

This expression clearly shows the two competing effects that control the fluctuations in the

transmitted field. The term in brackets, which represents the conversion of energy from the

coherent field into random fluctuations, starts from zero when Z = 0 and grows continuously

as Z increases. This growth is tempered by the decaying term in front of the brackets,

representing the continuous loss of energy from the coherent field caused by the scattering. As

is shown below, the combination of these two effects leads to a maximum in the fluctuations

at a particular value of Z.
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Note that another method of characterizing the relative size of the fluctuations is in

terms of a coefficient of variation defined as

COV =

[
var{um(Z)}
|ūm(Z)|2

]1/2

=
[
e2π

∫ Z
0 N(z)|Am(z)|2Gmdz − 1

]1/2
(4.13)

This result shows that the relative size of the fluctuations grows monotonically with the

distance of propagation.

It is shown in Appendix B that the average squared value of the phase shift of Eq. (3.6)

and the attenuation of Eq. (3.7) are equal to each other and have the value

|φm(Z)|2 = |qm(Z)|2 = π

∫ Z

0
N(z)|Am(z)|2Gmdz (4.14)

When the high frequency result of Eq. (4.4) is used in place of Eq. (4.2), the variance

becomes

var{um(Z)} = |umo|2e−
∫ Z
0 N(z)σm(z)dz

[
e

4π

k2
m

∫ Z
0 N(z)

|Am(z)|2
R2 dz − 1

]
(4.15)

Numerical calculations at high frequencies reveal that in general

Im{[Amm(0, 0)]cm} � Re{[Amm(0, 0)]cm}

and therefore from Eq. (2.4) it follows that

|Am(z)|2 ≈ |Im{[Amm(0, 0)]cm}|2 =

(
kmσm(z)

4π

)2

Substituting this into Eq. (4.13) results in

var{um(Z)} = |umo|2e−
∫ Z
0 N(z)σm(z)dz

[
e

1
4π

∫ Z
0 N(z)

σ2
m(z)

R2 dz − 1
]

(4.16)

A further simplification is possible if we use an asymptotic expression for the scattering

cross-section σm ≈ 2πR2 when kmR→∞ to obtain

var{um(Z)} = |umo|2e−2π
∫ Z
0 N(z)R2dz

[
eπ
∫ Z
0 N(z)R2dz − 1

]
(4.17)

When the inclusions are all uniform with respect to size, elastic parameters, and density,

the result for high frequencies reduces to the simple form

var{um(Z)} = |umo|2e−2πNR2Z [eπNR
2Z − 1] (4.18)

This result says that for scatterers large compared to the wavelength of the incident wave,

the fluctuations in the scattered field are independent of frequency and proportional to the

density of scatterers N and the squared radius of the inclusions.

Consider again the general expression for the variance given in Eq. (4.13). It is straight-

forward to show in both of the limit cases ω → 0 and ω →∞ that

2π|Am(z)|2Gm < σm(z)
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Although an analytical demonstration has not yet been found, numerical calculations indi-

cate that this result holds for all frequencies. Assuming this to be true in general, it follows

that var{um(Z)} → 0 as Z → ∞. From Eq. (4.13) it is obvious that var{um(Z)} → 0 as

Z → 0. Thus the variance must have a maximum at some intermediate value Z = Ẑ. The

condition for this maximum is

2π

∫ Ẑ

0
N(z)|Am(z)|2Gmdz = ln

[
σm(Ẑ)

σm(Ẑ)− 2π|Am(Ẑ)|2Gm

]
(4.19)

Introducing the concentration c(z) = (4π/3)R3N(z) as the fraction of the volume occu-

pied by inclusions and assuming that it and the inclusion properties are constant at low

frequencies leads to

c
Ẑ

R
=

8k2
mR

4

27π|Am|2
ln

[
σm

σm − 2π|Am|2Gm

]
(4.20)

5. Numerical Modeling of Scattering

The effect of scattering on propagating plane elastic waves was simulated by using the exact

scattering solution for a single elastic sphere.17,19 The design of the experiment is shown in

Fig. 1. A thin slab of a scattering medium having thickness ∆z was simulated by distributing

a large number of spherical inclusions having the same radius R and with random spacing

so that the z coordinates of all the centers of the spheres were in the interval (−∆z, 0).

Plane elastic P and S wave pulses containing a broad (0.4–100 Hz) range of frequencies

were propagated in the positive z direction. Offset a distance h from the scattering region,

were a set of K receivers having a separation interval of ∆x. The lateral size of the box,

20 km× 20 km, was taken large in comparison to h and ∆x in order to achieve the effect of

a layer having infinite extent. The concentration was taken to be c = 10%, which required

a rather large number of scatterers N = 5300. The other parameters used were h = 4 km,

R = 0.1 km, ∆z = 0.5 km and ∆x = 0.5 km. The material properties of the background

medium were vp2 = 5.3 km/s vs2 = 3.2 km/s, ρ2 = 2.65 gm/cm3 and for the scatterers they

were vp1 = 3.0 km/s, vs1 = 2.0 km/s, ρ1 = 2.6 gm/cm3. For the chosen parameters the layer

thickness never exceeded one half of the mean free path.

Equations (3.7) and (3.8) were used to estimate the attenuation parameter ∆qm(z+∆z)

from the modulus and the phase shift parameter ∆φm(z + ∆z) from the phase. The results

for P incident wave are shown as dotted lines in Fig. 2. The calculations were performed on

a single seismogram (upper panels in the figures) and for the average of all 20 seismograms

(lower panels in the figures). Note that the phase is ambiguous by multiples of 2π and this

ambiguity can sometimes be removed by searching for discontinuities. This unwrapping of

the phase was attempted for the phase calculated from the averaged seismogram, but not for

that of the single seismogram where the high degree of randomness in the data did not permit

a stable result. Also shown in Figs. 2 are the analytical estimates for the attenuation and

phase calculated from Eqs. (3.6) and (3.7) (heavy solid lines) and the analytical estimates

for the fluctuations calculated from Eq. (4.2) (light solid lines shown as plus and minus one
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Fig. 2. Scattering characteristics for an incident P wave as calculated using synthetic data where the results
for a single seismogram are shown in the upper panels (a) and (b) and the results for the average of all
the seismograms are shown in the lower panels (c) and (d). The results are shown as light solid lines, while
analytical estimates for the mean values are shown as heavy solid lines and analytical estimates for the mean
plus and minus one standard deviation are shown as broken solid lines.

standard deviation). For the comparison with the average seismograms it was assumed that

the fluctuations accumulated uncorrelated so that the variance of the average decreased as

K−1, where K = 20 was the number of seismograms that were averaged. The results for S

incident wave look quite similar.

These results as well as a number of other results obtained for a variety of parameters

including the presence of liquid filled inclusions and voids form the basis for several general

observations. First, the analytical estimates are in reasonable agreement with the numerical

results for both the mean and variance. For a single seismogram the statistical uncertainty

is so large that only general trends can be identified, but in the case of the averaged seis-

mograms a much more quantitative evaluation of the agreement can be performed. The

agreement is slightly better for the attenuation than for the phase, which contains the ad-

ditional complication of phase unwrapping. An associated observation is that, due to the

statistical fluctuations, it may be impractical in many situations to reliably estimate atten-

uation and phase from a single seismogram, and the advantages of using spatially averaged

data are significant.
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Fig. 3. Amplitude of the fluctuations as a function of the nondimensional distance of propagation cZ/R,
where R is the radius of the scatterers, c their concentration, and Z the distance of propagation. The results
are shown for various values of the nondimensional frequency Wm = ωR/vm. The material properties are
the same as those used in Fig. 2.

A second general observation is that the results exhibit relatively simple behavior at low

frequencies where the wave parameter is less than about 2. In this range the numerical and

analytical results are in good agreement (even for a single seismogram) and the phase shows

a linear dependence upon frequency. The third general observation concerns the behavior

at high frequencies. Although there are both long and short wavelength oscillations in the

results that are associated with the dimensions and properties of the scatterers, the trend in

the attenuation is a constant nonzero value and the trend in the phase is a constant value

of about zero.

In the discussion following Eq. (4.13) it was pointed out that, due to the competing effects

of conversion of energy from the coherent field and the resultant decay of the coherent field,

the amplitude of the fluctuations in the transmitted field will have a maximum at a particular

propagation distance. Note that an expression for the maximum is given in Eq. (6.5), but

this is not a particularly simple function of either frequency or wave type. This phenomenon

is shown for various values of frequency in Fig. 3.

It is clear that the fluctuations rise from a value of zero at small distances and decay to

zero again at large distances, which requires that there be a maximum at some intermediate

distance. It appears that the distance to the maximum decreases as the frequency increases.

It also appears in this figure that the distance to the maximum is greater for S waves than

P waves at low frequencies.

6. Discussion and Conclusions

The analytical results of this paper provide a method of estimating the effects of scattering

upon a plane wave propagating through a layer of randomly distributed spherical inclusions.

Formulas have been obtained for both the average field and the statistical fluctuations about

this average. The general results can be used for inclusions of arbitrary size and contrast and

for all frequencies, as long as the thickness of the slab does not exceed a mean free path, but

approximations for small inclusions or low contrast inclusions have also been included. These
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analytical results have been validated by comparing them with effective media estimates at

low frequencies and with numerical simulations over the entire frequency range. In both

cases the agreement is satisfactory, which suggests that appropriate approximations were

used in evaluating the various integrals encountered in the theoretical development.

The results displayed in Fig. 2 show that the relatively simple expressions of Eqs. (3.6)

and (3.7) do an acceptable job over a broad frequency range of describing phase and attenua-

tion effects upon a wave propagating through a region containing scatterers. The fluctuations

calculated with Eq. (4.13) also serve as adequate bounds on the statistical uncertainty of

the mean field.

Because of the random fluctuations, any attempt to reliably estimate the characteristics

of the scattering on the basis of a single seismogram may be a difficult task. Only the phase

shift at low frequencies shows a reasonable approximation to the mean field. Note that

nonphysical negative values of attenuation are common in the results for a single seismogram.

This means that in most cases some sort of spatial averaging of the observational data will

be necessary before stable values of the mean phase and attenuation can be estimated.

Assuming that an averaging process has been applied which has reduced the fluctuations

to a acceptable fraction of the mean value, it is of interest to consider how data such as

that shown in Fig. 2 can be interpreted in terms of material properties of the scattering

medium. Measurements at high frequencies of velocity (or phase) are only dependent upon

the background medium and thus can be used to estimate vp2, vs2, and ρ2. Measurements of

velocity at low frequencies20 can provide constraints on the properties of the inclusions vp1,

vs1, ρ1 and the concentration c. The first peak in the phase curve is a well-defined feature

and constraints on the material properties can be obtained by fitting the analytical results

to the data. For instance, in the low-contrast case it can be shown that the position of this

first peak is given by

ωpeak ≈ 2.8
vm2

2R

(
vm2

vm1
− 1

) 1
2

(6.1)

Similar constraints are provided by measurements of attenuation. Using Eq. (3.8), and as-

suming a uniform distribution of the concentration and type of inclusions, we have

q̄m(Z) =
3cZ

8πR3
σm (6.2)

At low frequencies (Rayleigh regime) where the attenuation is rapidly increasing, the pro-

portionality of σm ∼ ω4R6 can be used to obtain

q̄m(Z) ∼ cR3Zω4 (6.3)

Fitting this expression to the attenuation places constraints on c and R. At high frequencies

(kmR� 1) where the attenuation is approximately constant the limiting value of σm = 2πR2

leads to

q̄m(Z) =
3cZ

4R
(6.4)
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This is second constraint on c and R provided by the attenuation data, which means that

independent estimates of these two parameters are possible. Note that in the limit of high

frequencies the attenuation data are independent of the velocities and densities.

Some information about the properties of the scattering medium can also be extracted

from the level of the fluctuations. At high frequencies this level becomes independent of

frequency. Noting that the mean value of the phase goes to zero in this range, one can start

with Eq. (4.12) and use the same arguments that led to Eq. (4.16) to obtain

var{φm(Z)} =
πNR2Z

2
=

3cZ

8R
(6.5)

This provides another constraint on c and R.

In this paper the attenuation has been described with the nondimensional attenuation

q̄m or the attenuation parameter αm. Another common method of defining attenuation is in

terms of the quality factor Q. The relationships between the various definitions are

Q−1
m =

2vm
ωZ

qm =
vm
ω
αm =

vm
ω
Nσm =

3cvm
4πωR3

σm

Using the same limits discussed above, at low frequencies we have

Q−1
m ∼ cR3ω3

and at high frequencies

Q−1
m =

3cvm
2ωR

The results of this paper have been demonstrated with calculations and examples that

assumed inclusions having the same type and size, but the results are much more general

than this. For instance, in the basic results of Eqs. (3.6), (3.7), and (4.2) the critical elements

are integrals involving expressions of the form N(z)F{Am(z)}, where N(z) is the density of

scatterers having the forward scattering coefficients Am(z) and F is some function of Am.

This is easily generalized to the situation where there are J different types of scatterers,

each having its own distribution in density N (j)(z) and scattering coefficients A
(j)
m (z). Then

the basic results involve integrals of the form∫ Z

0
N(z)F{Am(z)}dz =

J∑
j=1

∫ Z

0
N (j)(z)F{A(j)

m (z)}dz

This allows calculations to be made for rather arbitrary distributions of inclusions, with

the only restrictions being that the distributions only be a function of z and that the total

concentration be small.

The results presented in this paper are only valid for small values of the concentration c.

This restriction can be removed for the case of the average field, and Kaelin and Johnson14

develop a self-consistent version of the results in this paper for the coherent wave. What

results is an implicit expression for the attenuation and phase, which means that an opti-

mization problem has to be solved at each frequency. An equivalent treatment has not yet
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been developed for the fluctuations in the transmitted wave. It is worth mentioning that the

propagation of fluctuations can also be numerically studied by a “phase screen method”.24

In that approach though the internal wave propagation effects within scatterer just par-

tially included thus being approximated substituted by a unidirectional complex refraction

coefficient. Our consideration of spherical scatterers also permits analytical results to be

obtained.
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Appendix A

To evaluate the integral associated with the fluctuations in the transmitted field

I =

∫ ∞
∞

∫ ∞
∞
|[Amm(θ, φ)]cm |2

dxdy

r2
(A.1)

it is necessary to use more accurate expressions for the scattering function [Amm(θ, φ)]cm
than for the case of the average field (Eq. (3.1)). We no longer can take advantage of an

oscillating factor which tended to concentrate the contribution in the vicinity of θ ≈ 0, but

must now integrate over a wider aperture, which requires a more accurate specification of

the angular dependence of the scattering function. Therefore we use a scattering function

in the form

[Amm(θ, φ)]cm = 3
j1(βm)

βm

|Am(z)|
|Rm(0, 0)| [Rmm(θ, φ)]cm , cm =

{
z , m = p

x , m = s
(A.2)

where Rmm(θ, φ) is the Rayleigh solution for the sphere of an arbitrary contrast taken from

Korneev and Johnson.19 Introduction of the ratio |Am(z)|/|Rm(0, 0)|, with function Am(z)

from Eq. (3.1) allows the applicability of Eq. (A.2) to be extended to higher frequencies

while still taking advantage of the main contribution of [Amm(θ, φ)]cm in Eq. (A.1) for small

angles.

For an incident P wave we have

[Rpp(θ, φ)]z
|Rp(0, 0)| = cos θ(p1 + p2 cos θ + p3 cos2 θ) (A.3)
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where we have introduced the notation

p1 =
a1

a0
, p2 =

a2

a0
, p3 =

a3

a0
,

a0 = a1 + a2 + a3

a1 = −1

2

3

2
(λ1 − λ2) + µ1 − µ2

3

2
λ1 + µ1 + 2µ2

+
2

3

(
µ1

µ2
− 1

)
γ2

D

a2 =

(
ρ1

ρ2
− 1

)

a3 = −2

(
µ1

µ2
− 1

)
γ2

D

Substituting Eq. (A.3) in Eq. (A.1) results in

|Up|2 =

∫ ∞
∞

∫ ∞
∞
|[App(θ, φ)]z |2

dxdy

r2
= 2π|Ap(z)|2Gp (A.4)

where

Gp =
6∑

k=2

gk(wp)Pk , wp = 2
ωR

vp2
(A.5)

and the coefficients Pk have the simple forms

P2 = p2
1 , P3 = 2p1p2 , P4 = 2p1p3 + p2

2

P5 = 2p2p3 , P6 = p2
3

The functions gk(w) are integrals of the form

gk(wm) = 9

∫ ∞
0

j2
1

(
wm sin

θ

2

)
(
wm sin

θ

2

)2 cosk θ
ρdρ

r2
=

36

w2
m

∫ wm√
2

0

j2
1(t)

t

(
1− 2t2

w2
m

)k+1

dt (A.6)

These integrals can be analytically evaluated for low values of k. For instance, when k = 0

we have

g0 =
9

2d2

(
1 +

1

d2
− sin 2d

d3
+

sin2 d

d4
− 4

d2

∫ d

0

sin2 t

t
dt

)
, d = wm/

√
2 (A.7)

As k increases the expressions for gk(w) become increasingly bulky and contain special

functions similar to the g0 case. An examination of these integral expressions revealed that,
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for the purposes of this paper, the exact expressions were not necessary and the following

approximate expressions were sufficiently accurate

g̃k(wm) =
1

4(k + 2)

(
1 +

w2
m

36
(k + 2)

) , k = 0, 1, 2, . . . (A.8)

Comparisons of the exact (Eq. (A.6)) and approximate (Eq. (A.8)) expressions for k =

0, . . . , 6 have revealed a good agreement within 5% discrepancy corridor. Note that for

large arguments (high frequencies) all gk approach the same asymptotic value

gk(wm) ≈ 9

w2
m

(A.9)

In the case of an incident S wave we have

[Rss(θ, φ)]x
|Rs(0, 0)| = S1(sin2 φ+ cos2 φ cos2 θ) + S2(cos2 φ− sin2 φ− 2 cos2 φ cos2 θ) cos θ (A.10)

where

s1 =
b1
b0
, s2 =

b2
b0
, b0 = b1 − b2

b1 =

(
ρ1

ρ2
− 1

)
b2 =

(
ν1

ν2
− 1

)
1

D

Corresponding to Eq. (A.4), we have for S waves

|Us|2 =

∫ ∞
∞

∫ ∞
∞
|[Ass(θ, φ)]x|2

dxdy

r2
= 2π|As(z)|2Gs (A.11)

where

Gs =
6∑

k=0

gk(ws)Sk , ws = 2
ωR

Vs2
(A.12)

and the gk functions are the same as those defined in Eq. (A.6). The coefficients Sk are

given by

S0 =
3

8
s2

1 , S1 = −1

2
s1s2 , S2 =

1

4
(s2

1 + 2s2
2) , S3 = 0

S4 =
3

8
s2

1 − s2
2 , S5 = −3

4
s1s2 , S6 =

3

2
s2

2 ,

It is easy to show that at low frequencies the functions

Gm(w) = G(0)
m

do not depend on frequency and satisfy the inequalities

|G(0)
m | < 1
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whereas at high frequencies they approach

Gm(ω) =

(
3vm
2ωR

)2

.

Appendix B

The body of this paper contains expressions for the mean field and the mean squared field

as it propagates through a layer containing randomly distributed scatterers. It is desirable

to have similar results for the phase shift and attenuation of the propagating wave. Starting

with Eq. (2.3), the primary component of the total field after interaction with a single

scatterer is

u · ûm = umo + ∆u(1)
m = umo

[
1 + [Amm(θ, φ)]cm

e−ikm(r−z)

r

]
(B.1)

In terms of increments in phase and attenuation this can also be represented as

u · ûm = umoe
(i∆φm−∆qm) (B.2)

Assuming the change in phase and attenuation are small, this is

u · ûm ≈ umo[1 + i∆φm −∆qm] (B.3)

Comparing this with Eq. (B.1) yields

i∆φm −∆qm = [Amm(θ, φ)]cm
e−ikm(r−z)

r
(B.4)

or, equivalently,

∆φm =
1

r
Im{[Amm(θ, φ)]cme

−ikm(r−z)} (B.5)

∆qm = −1

r
Re{[Amm(θ, φ)]cme

−ikm(r−z)} (B.6)

Following the same procedure used in deriving Eq. (3.1), the phase and attenuation can be

averaged over a thin slab to obtain

i∆φ̄m(z + ∆z)−∆q̄m(z + ∆z) = −i 2π

km
N(z)Am(z)∆z (B.7)

This result can be converted to two differential equations which can be integrated to obtain

Eqs. (3.6) and (3.7).

Next, following the same procedure used in deriving Eq. (4.2), we obtain the squared

deviations

∆|φm(z + ∆z)|2 + ∆|qm(z + ∆z)|2 = 2πN(z)|Am(z)|2Gm∆z (B.8)
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This can be integrated with respect to z to obtain

|φm(Z)|2 + |qm(Z)|2 = 2π

∫ Z

0
N(z)|Am(z)|2Gmdz (B.9)

It is also possible to start with Eqs. (B.4) and show that so long as

km(r − z)� 1

the squared fluctuations will be evenly distributed between |φ|2 and |q|2 and thus

|φm(Z)|2 = |qm(Z)|2 = π

∫ Z

0
N(z)|Am(z)|2Gmdz (B.10)
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